Abstract. We study slopes of finite cyclic covering fibrations of a fibered surface. We give a best possible lower bound of the slope of these fibrations. We also give the slope equality of finite cyclic covering fibrations of a ruled surface and observe the local concentration of the global signature of these surfaces on a finite number of fiber germs. We also give an upper bound of the slope of finite cyclic covering fibrations of a ruled surface.
Introduction
Let S be a complex projective smooth surface and f : S → B a surjective morphism from S to a smooth complete curve B with connected fibers. The datum (S, f, B) or simply f is called a fibered surface or a fibration. The genus g of the general fiber of f is called the genus of the fibered surface f . We call a fibration f relatively minimal if the fibers contain no (−1)-curves (i.e. a smooth rational curve with self-intersection number −1). Put K f = K S −f * K B and call it the relative canonical divisor. We consider the following relative invariants of f : When f is not locally trivial, we define the slope of f as
It follows 0 < λ f ≤ 12 from the Noether's formula. The slope of a fibration turns out to be sensible to a lot of geometric properties, both of the fibers of f and of the surface S itself 2. Bounds on the slope of fibered surfaces with a finite cyclic automorphism
Let n be a positive integer. Let X be a complex projective smooth surface and R an effective divisor on X linearly equivalent to nδ for some divisor δ. We define a graded O Xalgebra structure on A = n−1 j=0 O X (−jδ) by multiplying the section of O X (nδ) defining R and put Y = Spec X A. The natural map ϕ : Y → X is called a classical n-cyclic covering branched over R (cf. [2] ). Locally, Y is defined by z n = r(x, y), where r(x, y) is the local equation of R. From this representation, one sees that R is smooth if and only if Y is smooth, and R is reduced if and only if Y is normal. Moreover, if Y is smooth, we have
Aut(Y /X) ∼ = Z/nZ, (2.2) where R 0 is the effective divisor defined by z = 0 locally. In general, an n sheeted Galois covering ϕ : Y → X is said to be totally ramified if the inverse image of any branch point consists of one point, that is, it satisfies ( 2.1) for some R 0 , and to be an n-cyclic covering if it satisfies ( 2.2).
Remark 2.1. If R is smooth but not irreducible and n ≥ 3, a totally ramified n-cyclic covering ϕ : Y → X branched over R is not necessarily a classical n-cyclic covering defined above. Indeed, let π : P 1 → P 1 be the morphism of degree n defined by z → z n and set X = Y = P 1 × P 1 and ϕ = Id × π : Y → X. Then, ϕ is a totally ramified n-cyclic covering branched over P 1 × {0, ∞} but not the classical n-cyclic covering since P 1 × {0, ∞} is not linearly equivalent to nδ for any divisor δ.
In this paper, an n-cyclic covering means a classical n-cyclic covering constructed above unless otherwise noted. Here we show the following elementary lemma for the later use. Lemma 2.2. Let n ≥ 4 be a positive integer and a, b integers such that gcd(a, b, n) = 1. Then, it follows that a + 2b / ∈ nZ or 2a + b / ∈ nZ.
Proof . Suppose a + 2b ∈ nZ and 2a + b ∈ nZ. Then, we have 3(a + b) ∈ nZ and a − b ∈ nZ.
If n / ∈ 3Z, we have a + b ∈ nZ and it follows a ∈ nZ and b ∈ nZ, which contradicts gcd(a, b, n) = 1. Thus, we have n = 3k for some integer k ≥ 2. Since a − b ∈ nZ, we may write a = b + 3lk for some l. Then 2a + b = 3(b + 2lk). Since 2a + b ∈ nZ = 3kZ, we have b ∈ kZ. Then, a ∈ kZ, contradicting gcd(a, b, n) = 1. ✷ This lemma is apparently false when n = 3 as the case a = b = 1 shows. Let X be a smooth projective surface with an automorphism σ of order n. We take a fixed point x ∈ Fix(σ) and a local coordinate (U; z 1 , z 2 ) centered at x such that σ(U) = U. We write σ(z) = (σ 1 (z 1 , z 2 ), σ 2 (z 1 , z 2 )) and expand
Since σ n = Id, we may assume
where ζ = e 2πi/n and 0 ≤ k 1 ≤ k 2 ≤ n − 1. Since σ = Id, we have k 2 > 0. Clearly, x is a smooth point of a 1-dimensional fixed part if and only if k 1 = 0, and x is an isolated fixed point if and only if k 1 > 0. Such a point x is called a fixed point of type (k 1 , k 2 ). Since σ is of order n, we have gcd(k 1 , k 2 , n) = 1. We consider the blow-up ρ : X → X of a fixed point x of type (k 1 , k 2 ). Let E be the exceptional curve of ρ and σ the automorphism of X of order n induced by σ. By easy calculations, one sees that E is fixed by σ if k 1 = k 2 and that there are exactly two isolated fixed points 0, ∞ on E of types (k 1 , k 2 − k 1 ) and (k 1 − k 2 , k 2 ), respectively if otherwise. Applying Lemma 2.2 to (a, b) = (k 1 , −k 2 ) repeatedly, we have Lemma 2.3. Let X be a smooth projective surface with an automorphism σ of order n. Then, there exists a birational morphism ρ : X → X such that the automorphism σ on X induced by σ has no isolated fixed points if and only if n ≤ 3 or any isolated fixed point of σ is of type (k, k) for some k.
Let f : S → B be a genus g ≥ 2 relatively minimal fibered surface. In this section, suppose the following ( * ): ( * ) There exists a genus h fibered surface ϕ : W → B which is not necessarily relatively minimal and an n-cyclic covering θ : S → W branched over a smooth divisor R ∈ |n δ| for some n ≥ 2 and δ ∈ Pic( W ) such that f : S → B is the relatively minimal model of
Let F and Γ be general fibers of f and of ϕ, respectively. The restriction map θ| F : F → Γ is a finite morphism branched over R ∩ Γ. By the Hurwitz formula, it follows that
where r := R Γ. Let σ be a generator of Aut( S/ W ) ≃ Z/nZ and ρ : S → S a natural birational morphism. Put Fix( σ) = {x ∈ S| σ(x) = x}. It is easy to see that Fix( σ) is a disjoint union of smooth curves and θ(Fix( σ)) = R. Let ϕ : W → B be a relatively minimal model of ϕ and ψ : W → W the natural birational morphism. We may decompose ψ into a series of blow-ups. Let ψ i : 
where [x] is the greatest integer not greater than x.
Proof . Since R is reduced, every R i is reduced. Set δ N = δ. Since 
Thus, we get L 2 = −n. Clearly, the restriction map θ| E : E → L is an isomorphism and then L is a (−n)-curve. Since E is contracted by ρ, L is vertical with respect to ϕ. The rest assertion of (1) is obvious. Suppose that E is not contained in Fix( σ). If θ * L = E, we have that L 2 = −1/n and then it is a contradiction. Hence there exist (n−1) curves E 2 , . . . , E n such that θ * L = E 1 +E 2 +· · ·+E n , where E 1 = E. Every E i is a (−1)-curve since E is a (−1)-curve and E is translated into E i by some composite of σ. All E i 's are contracted by ρ since the relatively minimal model of f : S → B is unique. Hence E i 's are disjoint and equivalently L and R is disjoint. Thus, R := ψ * R is smooth and we have R = ψ * R. Moreover, there exists δ ∈ Pic(W ) such that we have R ∼ nδ and δ = ψ * δ. Hence, we can construct the n-cyclic covering θ : S → W branched over R where S = Spec( n−1 j=0 O W (−jδ)) and then S is isomorphic to S naturally. ✷ From this lemma, we may assume that all vertical (−1)-curves are contained in Fix( σ). Then, it follows that σ induces the automorphism σ of S over B of order n from the next easy lemma. Lemma 2.6. We write ρ = ρ 1 • · · · • ρ k as a composite of blow-ups ρ i : S i → S i−1 . Then, σ induces an isomorphism σ i of order n on S i and ρ i is a blow-up at a fixed point of σ i−1 .
Proof . Let E i be the exceptional curve of ρ i . By the above assumption, E k is contained in Fix( σ) and then σ induces an isomorphism σ k−1 on S k−1 . If E k−1 is translated into another curve by σ k−1 , then E k−1 and Fix(σ k−1 ) are disjoint. Thus E k−1 is also a (−1)-curve on S and then this contradicts the assumption. Hence σ k−1 (E k−1 ) = E k−1 and then σ k−1 induces an isomorphism σ k−2 on S k−2 . The assertion follows inductively. ✷ From Lemma 2.3, It follows that n ≤ 3 or any isolated fixed point of σ is of type (k, k) for some k. Consider the case where n = 3.
Proof . Let x be an isolated fixed point of type (1, 2) . Then, x is blown up exactly three times. Let E be the proper transform of the exceptional curve of the first blow-up and E 1 , E 2 the exceptional curves of the blow-up at the isolated fixed point of types (1, 1) and (2, 2), respectively. Clearly, E is a (−3)-curve not contained in Fix( σ) while
One sees easily that L is a (−1)-curve not contained in R, and L 1 , L 2 are (−3)-curves in R and these three curves are contained in a fiber of ϕ. Hence L is contracted by ψ and then the images of L 1 and L 2 intersect in one point transversely. On the other hand, the restriction map
By the Hurwitz formula, L ∩ R consists of exactly two points. Thus, L intersects L 1 and L 2 only in components of R and then the multiplicity of the point to which L is contracted is 2. It contradicts Lemma 2.4. ✷ From these lemmas, the next lemma follows.
Lemma 2.8. Any curve contracted by ρ is a (−1)-curve on a fiber of f contained in Fix( σ).
Proof . We write ρ = ρ 1 • · · · • ρ k as above. It is sufficient to show that any ρ i is a blow-up of an isolated fixed point. If ρ i is a blow-up of a smooth point of a 1-dimensional fixed part (i.e. a fixed point of type (0, k) for some k), one isolated fixed point of type (n − k, k) appears on the exceptional curve E i . Then, it contradicts Lemmas 2.3 and 2.7. ✷ From this lemma, we can reconstruct f : S → B by blowing up isolated fixed points of σ.
Definition 2.9. A fibered surface f : S → B with a B-automorphism σ of S of order n is called a fibration with an automorphism σ of type (g, h, n) if f : S → B satisfies ( * ) and σ is of order n and induced by a generator of Aut( S/ W ).
Our aim in this section is to prove the following theorem:
Theorem 2.10. Let f : S → B be a fibration with an automorphism of type (g, h, n). Assume h ≥ 1 and g ≥ (2n − 1)(2hn + n − 1)/(n + 1). Then we have
.
Remark 2.11. From ( 2.3), the hypothesis g ≥ (2n − 1)(2hn + n − 1)/(n + 1) is equivalent to r ≥ 3g/(2n − 1) + 3, and we have
We obtain an n-cyclic cover θ i : S i → W i branched over R i by setting
Since R i is reduced, S i is a normal surface. There exists a natural birational morphism
Then, we have
where E i is the total transform of E i . Since
we get
Similarly, we have
Hence, we obtain
3),( 2.8) and ( 2.9). Thus, we get ω
. . , l are all multiple fibers of ϕ, D i the fundamental cycle of Γ i and k i ∈ Z. Hence, we have
Thus,
By ( 2.13), ( 2.14) and hypothesis g ≥ (2n − 1)(3n − 1)/(n + 1), we have ( 2.12). Consider the case where h ≥ 2. We compute ω
Since the slope inequality of ϕ gives us
we have
We consider the intersection matrix of {K ϕ , δ, Γ} (2.17)
By Arakerov theorem, we have K 2 ϕ ≥ 0 and then the matrix is not negative definite. Hence the determinant of ( 2.17) is non-negative, that is, we have
by the Hodge index theorem. Since
and
On the other hand, by definition of λ g,h,n , we have
and 
By definition of λ g,h,n , we have
Thus, the right hand side of the inequality ( 2.22) is
By assumption g ≥ (2n−1)(2hn+n−1)/(n+1), ( 2.23) is non-negative. Hence we completes the proof. ✷
Proof of the Theorem . Let ε be the number of blow-ups of ρ : S → S. Then, we have
Using ( 2.10), ( 2.11), ( 2.20) and ( 2.21), we can calculate K 2 f − λ g,h,n χ f as follows:
When h ≥ 1, the right hand side of ( 2.25) increases monotonically with respect to the multiplicity m i . So we may assume that [m i /n] = 1 for all i = 1, . . . , N. Then,
Combining them with Lemma 2.12, we conclude the proof. ✷ Example 2.13. Let B and Γ be smooth curves of genus b and h, respectively. Let δ 1 and δ 2 be divisors on B and Γ of degree N and M, respectively. For N and M sufficiently large, the divisor δ := p * 1 δ 1 + p * 2 δ 2 on B × Γ gives us a base point free linear system, where p 1 and p 2 are the natural projections from B × Γ to B and to Γ, respectively. Thus, we can take a smooth divisor R ∈ |nδ| for n > 0 by Bertini's theorem. Hence we may construct an n-cyclic covering θ : S → B × Γ branched over R. Let f : S → B be the composite of p 1 and θ. We will compute K 2 f and χ f . Let F be a general fiber of f and g the genus of the fibration f .
Applying the Hurwitz formula to f | F : F → Γ = {t} × Γ, we have
Thus, we get
This example implies that the bound of Theorem 2.10 on the slope is sharp when h and n are fixed.
Slope equalities for cyclic covering fibrations of a ruled surface
In this section, we consider a fibration f : S → B with an automorphism σ of type (g, 0, n), i.e., there exist a ruled surface P over B and an n-cyclic covering θ : S → P branched over a smooth divisor R, and f is the relatively minimal model of the genus g fibration f : S → B. Moreover, we assume that n ≥ 3. The case where n = 2 is extensively studied in [6] . The ruling ϕ : P → B has infinitely many relatively minimal models. 
for all x ∈ R h , where R h is the sum of horizontal components of R with respect to ϕ.
Proof . We take a relatively minimal model ϕ : P → B of ϕ arbitrarily. Suppose that x is a point of R at which R has the multiplicity greater than r/2. Let Γ be the fiber of ϕ through x. We will perform the elementary transformation at x. Let ψ 1 : P 1 → P be the blow-up at x, E 1 the exceptional curve for ψ 1 and E is also a (−1)-curve. Let ψ
Moreover, since m > r/2, we get
Hence we have m ′ ≤ r/2 + 1 by Lemma 2.4. If m ′ = r/2 + 1, then we have m ′ ∈ nZ + 1 and hence E ′ 1 is contained in R 1 . In paticular, Γ is contained in R. Since r/2 ∈ nZ, we have m = r/2 + 1. Hence the multiplicity of R h at x is r/2. If m ′ ≤ r/2, we replace the relatively minimal model P with P ′ . Since the number of singularities of R are finite, we obtain a relatively minimal model satisfying the condition inductively. ✷
We take a relatively minimal model ϕ : P → B of ϕ satisfying this lemma. In the previous section, we have seen that vertical (−1)-curves in Fix( σ) and vertical (−n)-curves in R are in one-to-one correspondence via θ. We will examine how vertical (−n)-curves in R appear. Let L be a vertical irreducible curve in R. Since θ * L = nD for some D ≃ P 1 in Fix( σ), L is a (−an)-curve for some positive integer a. The image of L by the natural birational morphism ψ : P → P is a point or a fiber of ϕ. If ψ(L) is a point, then L is the proper transform of an exceptional curve E appeared during the process ψ of blowing-ups. Moreover, E is blown up an − 1 times since L 2 = −an and E 2 = −1. Then, set C = E and c = an − 1. If ψ(L) is a fiber Γ of ϕ, then L is the proper transform of Γ and it is blown up an times since L 2 = −an and Γ 2 = 0. Then, set C = Γ and c = an. When E = E j is the blow-up ψ j at x = x j in the previous notation ψ = ψ 1 • · · · • ψ N , we have m = m j ∈ nZ + 1 since E is contained in R j . We drop the index and set R = R i for simplicity. Let x 1 , x 2 , . . . , x l be all singularities of R on C and m i the multiplicity of R at x i . Clearly, we have 1 ≤ l ≤ c. We consider a local analytic branch D of R − C which has the multiplicity m ≥ 2 at x i (i.e. D has a cusp x i ). There are two cases as follows:
(i) the case where D is not tangent to C at x i . Then, the proper transform of D does not meet that of C after blowing up at x i . Hence, the local intersection number (DC) x i of D and C is m.
(ii) the case where D is tangent to C at x i . Then, there are three cases after blowing up at x i .
(1) the case where the proper transform of D is tangent to neither that of C nor the exceptional curve. 
. Inductively, We define x i,j , m i,j , ψ i,j , P i,j , E i,j and R i,j to be the intersection point of R i,j−1 and E i,j−1 , the multiplicity of R i,j−1 at x i,j , the blow-up ψ i,j : P i,j → P i,j−1 at x i,j , the exceptional curve of ψ i,j and ψ * i,j R i,j−1 − n[m i,j /n]E i,j , respectively. (2). If m i,imax ∈ nZ + 1, then x i,imax+1 is the singular point of the multiplicity 2. Since n ≥ 3, this contradicts Lemma 2.4. Thus, we have (1) . (3) is clear from the definition of s i,k . Since every x i on C is blown up exactly i max times, we obtain (4). ✷ Let t be the intersection number of R − C and C. This is the number of branch point r if ψ(L) is a fiber of ϕ, or the multiplicity of the point x to which C is contracted if ψ(L) is a point. From Lemma 3.2 (3), we get
Let c i be the number of m i,j belonging to nZ + 1. Clearly, we have 0 
Proof . From Lemma 3.2, we have
The other equality is clear. ✷
We will examine the property of m i,j . 
Proof . If m i,j < m i,j+1 , we have s i,j = 0 and m i,j + 1 = m i,j+1 since m i,j − m i,j+1 = s i,j −1, s i,j , or s i,j +1. Then, we have m i,j ∈ nZ+1 by Lemma 3.2 (2) and then m i,j+1 ∈ nZ+2. This contradicts Lemma 2.4 and n ≥ 3. Hence, m i,j ≥ m i,j+1 . the rest of (1) (2) follows. Suppose that m i,j = nd i,j + 1 ∈ nZ + 1. Let C ′ be the exceptional curve E i,j and define
Hence we get Proof . Let L be a vertical (−an)-curve in R. By Proposition 3.3, we have
Hence, we get
If L is the proper transform of a fiber of ϕ, then the above inequality is r ≥ an(n − 1).
Hence, we have
If L is the proper transform of an exceptional curve E of ψ, then we have
where m is the multiplicity of the point obtained by contracting E. Hence (3) follows. Moreover, we get
by Lemmas 3.1 and 3.4 (1). Thus, we get
from the above two inequalities. By an easy computation, we have
(wiht equality holding if and only if a = 1 and n = 3). Hence, we get (1) and (2) by ( 3.1) and ( 3.2) . ✷ When a = 1, we have
then any irreducible components of R is horizontal.
then any vertical (−n)-curve in R is the proper transform of a fiber of ϕ.
(3) The multiplicity of any singular point of type nZ + 1 is greater than or equal to (n − 1) 2 .
Definition 3.7. By using the datum {d i,j }, one can construct a diagram as in Table 1 . We call it the (d i,j )-diagram. Similarly, we define the (m i,j )-diagram. Table 1 .
Example 3.8. We consider n = 3 and g = 4. It follows r = 6. Let L be a (−n)-curve in R. (i) when i max = 1 and m i,1 = 3, it follows s i,1 = 2. Thus, the branch curve near x i is as in Figure 1 . (2) Suppose that ψ(L) is a point. Then we have c = 3. By r/2 + 1 = 9 and (3.6), it follows that the multiplicity of any singularity of type nZ + 1 is 9. Thus, we get t = 9 and Definition 3.10. For k ≥ 1, we define a function α k (F · ) on B (or equivalently on fibers of f ) as follows: For p ∈ B, α k (F p ) equals the number of singularities of multiplicity kn or kn + 1 of R over the point p.
We call α k (F p ) the k-th singularity index of F p and
We define the 0-th singularity index α 0 (F p ) of F p as follows: Let D 1 be the sum of all vertical (−n)-curves contained in R and R = R 0 + D 1 the decomposition of R. Then, α 0 (F p ) equals the ramification index of the restriction map ϕ| R 0 : R 0 → B over p, that is, the ramification index of the restriction map ϕ| ( R 0 ) h : ( R 0 ) h → B over p minus the sum of the topological Euler characteristic of irreducible components of ( R 0 ) v over p. By definition, we have
and call it the 0-th singularity index of f . If F p is a general fiber, then α 0 (F p ) = 0 since there exist no irreducible components of ( R 0 ) v over p and ϕ|
Remark 3.11. The singularity indices defined above are somewhat different from these in [6] because all singularities are essential if n ≥ 3. One can check the value of these singularity indices is independent on a relatively minimal model P of P satisfying 3.1 by the same proof for n = 2 in [6] .
Definition 3.12. Given positive integers m, l, {i max } and {d i,j } such that m = kn
of F p by the number of singularities over p ∈ B at which the exceptional curve appeared by blowing up has the (
From Lemma 2.8, it follows easily Lemma 3.13. Let ε be the number of blow-ups of ρ. Then, we have
We have seen that R is numerically equivalent to −rK ϕ /2 + MΓ for some half-integer M. Then we can represent M in the singularity indices by two calculations of (K ϕ + R) R as follows: From ( 2.4) and ( 2.5), we have
On the other hand, we have
Hence we obtain
by ( 3.3), ( 3.4), ( 3.5). Next, we will compute K 2 f and χ f . We have
by ( 2.6) and ( 2.7). Hence we obtain ((n + 1)(n − 1)(−nk 2 + rk) − (2n − 1)r + 3n)α k + ε and the right hand side is non-negative if r ≥ n + 2. Indeed, the polynomial (n + 1)(n − 1)(−nk 2 + rk) − (2n − 1)r + 3n in k is monotonically increasing and we have (n + 1)(n − 1)(−nk 2 + rk) − (2n − 1)r + 3n = n(n − 2)(r − n − 2) when k = 1. Hence, we obtain the following theorem: 
and non-negative for g ≥ n(n − 1)/2 (or r ≥ n + 2 equivalently) and takes 0 for a general fiber F p .
For an oriented compact real 4-dimensional manifold X, the signature Sign(X) is defined to be the number of positive eigenvalues minus the number of negative eigenvalues of the intersection form on H 2 (X). From the slope equality, we observe the local concentration of Sign(S) on a finite number of fiber germs. where F i,j , F ′ i are smooth rational curves. For r i > 0, the restriction map F i → Γ i is n-cyclic covering. From the Hurwitz formula, we have 2g(F i )−2 = −2n+(n−1)r i . Let N 1 , N 2 and N 3 be the number of intersection points of two Γ i and Γ j which is contained in R h , not contained in R h and that one Γ i is contained in R, respectively. Clearly, it follows N = N 1 + N 2 + N 3 . Let J = j(p) and K the number of Γ i such that r i = 0. Then, we have e( F p ) = Combing these, the assertion follows. ✷
